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• The biting rate b is given by

b(T ) =
{

0.000202T (T − 13.35)
√

40.08 − T for 13.35◦C ≤ T ≤ 40.08◦C,
0 for T < 13.35◦C, 40.08◦C < T,

(20)



• The probability bh of infection from mosquito to human per bite is given by

bh(T ) =
{

0.001044T (T − 12.286)
√

32.461 − T for 12.286◦C ≤ T ≤ 32.461◦C,
0 for T < 12.286◦C, 32.461◦C < T,

(21)

• The probability bv of infection from human to mosquito per bite is given by

bv(T ) =

 −0.9037 + 0.0729T for 12.4◦C ≤ T ≤ 26.1◦C,
1 for 26.1◦C ≤ T ≤ 32.5◦C,
0 for T < 12.4◦C, 32.5◦C < T.

(22)

• The mortality rate µv of an adult mosquito is given by

µ(T ) = 8.692·10−1−1.590·10−1T +1.116·10−2T 2−3.408·10−4T 3+3.809·10−6T 4.
(23)

S2 Appendix. Analysis of the model We analyzed the disease-free equilibrium
point with exogenous and temperature variable terms. The basic reproduction number
R0 was computed by using the next-generation matrix evaluated at the disease-free
equilibrium point [1-3]. At this equilibrium point, the vector population (i.e.,
mosquitoes) tends to decrease because of the environmental conditions, natural lifespan,
and artificial external conditions such as insecticides [4] or control methods [4]. In
addition, we considered the progression of cases by using the effective reproduction
number Rt.

Proposition 1. Consider the SIR-SI model given by (2)–(6). For the host-to-vector
transmission rate βhv = βex b bh, and vector-to-human transmission rate
βvh = βex b bv, βex is defined by (11). The biting rate b(T ) is defined by (20), the
probability of mosquito to human infection per bite bh(T ) is given by (21), and the
probability of human to mosquito infection per bite bv(T ) is given by (22). Then, the
basic reproduction number R0 is given by

R0 = βex
b(T )
Nh

∣∣∣∣∣
√

bh(T )Sv

γ

bv(T )Sh

µ

∣∣∣∣∣ . (24)

Proof. First, (2)–(6) are reduced to

dIh

dt
= βvh

Sh

Nh
Iv − γIh (25)

dIv

dt
= βhvSv

Ih

Nh
− µIv. (26)

Linearizing the above equations and evaluating the linear form at the disease-free
equilibrium point Edf = (Sh, Ih, Rh, Sv, Iv) = (Nh, 0, 0, Nv, 0) obtains

ξ̇ = Jξ (27)

where the matrix J is the Jacobian associated with (25) evaluated at Edf . By simplicity,
the matrix J is decomposed into J = F − V :

J = F − V =
[

0 βvh
Sh

Nh

βhv
Sv

Nh
0

]
−

[
γ 0
0 µ

]
.



The dynamics of (27) can be determined by the eigenvalues of the matrix J. The 
matrix M = F V −1 is of particular interest and is given by [2]

M =
[

0 βvh
Sh

Nh
/µ

βhv
Sv

Nh
/γ 0

]
.

The reproduction number R0 is obtained from the spectral radius of M :

ρ(M) =
∣∣∣∣∣
√

βvh Sv

γNh

βhv Sh

µNh

∣∣∣∣∣ .

For βhv = βex b bh and βvh = βex b bv and the corresponding functions for βex, b(T ),
bh(T ), and bv(T ), the following is obtained:

R0 = βex b(T )
∣∣∣∣∣
√

bh(T ) Sv

γNh

bv(T ) Sh

µ(T )Nh

∣∣∣∣∣ . (28)

Remark 1. Since we were interested in when R0 is comparable to 1, we can use

R0 = β2
ex b2(T )bh(T ) Sv

γNh

bv(T ) Sh

µ(T )Nh
.

It is possible to observe that the transition is at R0 = 1. The disease-free equilibrium
point is asymptotically stable if and only if R0 < 1, and the epidemic is settled if R0 > 1.

In the case of Lima, the situation was strongly affected by external conditions
including the environmental, inflow cases due to travelers (which were not considered in
this model), and entomological conditions. An exogenous parameter was introduced to
model external forces that affect the dynamics of the outbreak.

The epidemiological curves of the SIR-SI model (2) including the transmission rate
(9) and exogenous parameter (11) were fitted to observed data by adjusting the
parameters u, σ, and k (related to the βex). We used a maximum likelihood function as
a cost function in the optimization solver. We used a normal distribution function for
the probability under the assumption that the observation error had a normal
distribution.

Corollary 1. If the functions and values for b, bh, bv, βex, Nv = 2Nh, Sh = 1, and
Sv = 2Sh are given, then R0 (24) is bounded by

0 ≤ R0 ≤ k

√
1

γµ(T ) (29)

Proof. The proof of this corollary is obtained directly from the definitions of b, bh, bv,
and βex.

The basic reproduction number (24) measures the epidemic potential of a pathogen,
which in this case is dengue [2]. It is defined as the average number of new infections
created by an infectious individual in an entirely susceptible population. In practice, the
situation evolves, so the data are used to estimate the effective reproduction number Rt.
The quantitative changes in the effective reproduction number need to be monitored to
determine when it approaches the critical threshold Rt = 1 [5]. In the case of Lima,
the reports of few cases would imply a small R0. However, as the outbreak evolves, Rt

can increase and even exceed the critical value of Rt = 1.



S3 Appendix. Case progression for an infected case Here, we consider the
temperature-dependent SIR-SI model with an exogenous variable as expressed in (2).
The total number of cases up to time t is represented by Q(t) and is calculated as
follows:

dQ

dt
= βvh

Sh

Nh
Iv (30)

To consider the evolution of Rt, we followed the approach of Bettencourt and
Ribeiro [5]. We considered that epidemic reports generally state the occurrence of new
infected cases within the period τ . Hence, the total number of cases is given by
Q(t + τ) − Q(t) = ∆Q(t + τ).

The change in cases between t and t + τ is obtained by

Ih(t + τ) = Ih(t)exp
(∫ t+τ

t

(
−γ + βvh

Sh(t)
Nh(t)p

)
dt

)
(31)

Iv(t + τ) = Iv(t)exp
(∫ t+τ

t

(
−µ + βhv

Sv(t)
Nh(t)

1
p

)
dt

)
(32)

where p = Iv

Ih
. For theoretical purposes, we can consider the number of mosquitoes to

remain constant from the time t to t + τ . Hence, Iv(t + τ) = Iv(t). Thus, in (32) the
value of p must satisfy

p = βhvSv(t)
µNh(t) . (33)

Introducing (33) to (31) obtains

Ih(t + τ) = Ih(t)exp
(

γ

∫ t+τ

t

(
−1 + βvh

γ

Sh(t)
Nh(t)

βhv

µ

Sv(t)
Nh(t)

)
dt

)
, (34)

where the effective reproduction number Rt(t) can be calculated directly as

Rt(t) = Sh(t)
Nh(t)R0.

The number of infectious cases decreases if Rt < 1 or, equivalently,(
−1 + βvh

γ

Sh(t)
Nh(t)

βhv

µ

Sv(t)
Nh(t)

)
< 0.

In general, the assumption that Iv(t) remains constant during the evaluation period is
adequate for emerging infectious diseases (i.e., few cases within a much larger

, we used Bettencourt and population), which is the case for Lima. To compute Rt 
Ribeiro’s [5] algorithm.
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