Distributed Spectral Clustering on the Coordinator Model
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‘ Abstract I

Spectral Clustering is a technique that partitions a set of vertices of a given graph G = (V, E) using
the spectral properties of G. The optimal partition 1s found by using the eigenvectors of the first k
ergenvalues of the Graph Laplacian matriz. In a real world situation the edges of G may be distributed
among different sites. In order to apply spectral clustering in a distributed setting, every site constructs
a spectral spacifier of its own data graph. This reduces the communication costs by applying the spectral
clustering technique leaving optimal results. In this work, we will study the communication complexity
in the more extreme case where the vertex set is completely partitioned.

‘ 1. Motivation I

Machine learning tasks often use unsupervised lerning to discover properties of data. In that context,
clustering is one of the most fundamental tasks. Given a sample of points the goal is to collect points
that are similar in the same group or cluster. In clustering, the number of clusters that should be
found is not known a priori. A well known technique to find the number of optimal clusters and to
partition the sample set is called spectral clustering. Also spectral clustering reduces significantly the
dimension of the data to the number of clusters. This offer an advantage because the dimension can be
larger than the number of clusters. However, when the data is distributed among different databases
around the world makes clustering a difficult task and expensive in terms of the communication costs.
Therefore new methods are necessary for this particular situation.

‘ 2. Introduction to Spectral Clustering |

Given a set of points {x1,x9,...,zn} C R? a graph G = (V, E) is constructed and every point rep-
resents a vertex and each edge represents similarity between points. The laplacian matrix is defined
as

Lo = Dg— A, (1)

where D¢y is the degree weighted matrix and Ay is the adyacent matrix. Spectral clustering uses the
conductance ¢ of a subset S C V to find good clusters

~w(S,V =5)
ols) = UEX =)

where w(S,V — 8) is the total weight of the edges crossing the cut and p(S) = > ;c g d;. In order to
find an optimal k-partition of V' we use the k-way expansion constant

(2)

k)= min max @(A;), 3
p(k) A1’A27M7Ak1§i§kfb( i) (3)

which is related to the k-th eigenvalue taken in non-decreasing order by the Cheeger inequality:
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p(k) < O(K* )/ Ml La), (4)

where Lo =1 — D(_;1/2AgD(_;1/2 is called the normalized Lapacian it G.
As an example of spectral clustering works we have the followin graph

Figure 1: A graph representing a data set. The shadows represent the partition.

The following well-known algorithm finds an optimal partition over the vertex set of a given graph G

1. Compute the eigenvectors fi, fo, ..., fi. associated with the first k eigenvalues A\ (Lq), ..., \t.(Lg)
taken in non-decreasen order.

2. Embed every vertex v to a point R¥ through the embedding:

1

F(v) = NG

(f1(0), s f(v))

3. run k-means on the embedded points {F'(v)},ec1/, and group the vertices of G into k clusters ac-
cording to the output of k-means.
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‘ 3. Distributed Computing |

When two (or more) computers are far from each other and they need to execute a joint task, a com-
munication protocol needs to be defined.
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Figure 2: Two computers trying to accomplish a task (function f) by sending bits to each other.

In the most general case there are s players who wants to compute some function f : Xy x...x Xy — 2
where X is the set of available inputs for player 2. A protocol 11 is defined as a sequence of binary
strings sent by every player.

‘ 4. Clustering on the Coorinator model |

In the Coordinator model there are s sites where every pair of them can communicate with each other
through a special site called a coordinator.

Figure 3: Example of the Coordinator model with 5 sites.

The idea behind the protocol is that every site sends a subgraph H with edges having new weights
such that (1 — €)z! Loz < o' Lz < (1 + )zl Loz, The graph H is called a spectral sparsifier of
G.

Given a graph G, where its edge set is partitioned around s sites, the following protocol of |3] runs the
spectral clustering on the coordinator model:

1. For every subgraph G; = (V, E;) where 1 <4 < s computes an spectral sparsifier H; = (V, E,Z),
2. every site ¢ sends its new edge set E{ to the coordinator,

3. the coordinator constructs the graph G’ = (V, Uiy E,:) and runs spectral clustering algorithm on
that graph, and

4. the coordinator ouputs the clusters.

‘ 5. Proposal |

The work of Chen et al. |3] studied the case where each player knows the vertices of the data graph
G, but only a subset of the edges. In this work, we will study the communication complexity in the
more extreme case where the vertex set is completely partitioned. Let G = (V, E) be graph of the
data points. In the coordinator model we have s sites where site ¢, with 1 < ¢ < s, knows a graph
G; = (Vi, E;), where {V;} and { E;} are partitions of the vertex set and the edge set of G, respectively.
FEach site can communicate with the coordinator with messages but no site can communicate with
another site. Then after a finite number of rounds of communication, the coordinator computes an
optimal partition of V. The goal is to find a protocol where an optimal partition of V' can be computed
using the minimum amount of communication.
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