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Supporting Information

S1.1 Modular projection and lifting (unwrapping)
Let {θt}Tt=0 ⊂ Tn ∼= [−π, π)n be a sequence of angular vectors (e.g., dihedral angles) observed along a
trajectory. Because each coordinate is periodic modulo 2π, direct differences θt− θt−1 may contain artificial
jumps at the ±π boundary. To remove these discontinuities, we define a modular projection

M(α) = (α+ π)mod 2π − π ∈ [−π, π), (1)

and extend it componentwise to vectors: M(x) = (M(x(1)), . . . ,M(x(n))).
Using M , we construct the lifted (unwrapped) trajectory γt ∈ Rn componentwise as

γ
(j)
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)
, t ≥ 1,

j = 1, . . . , n. (2)

This lifting preserves the angular information while producing a continuous representative in the universal
covering space Rn.

S1.2 Reversibility of the lifting
Proposition S1 (Reversibility). For all t = 0, . . . , T , the lifting satisfies

M(γt) = θt. (3)
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Proof. We prove the statement by induction on t.
Base case (t = 0). By definition, γ0 = θ0 and since θ0 ∈ [−π, π)n,

M(γ0) = M(θ0) = θ0.

Inductive step. Assume M(γt) = θt for some t ≥ 0. By the definition of M , the equality M(γt) = θt
implies that γt and θt are equivalent modulo 2π componentwise. Therefore, there exists an integer vector
k ∈ Zn such that

γt = θt + 2πk.

Using the lifting recurrence,

γt+1 = γt +M(θt+1 − θt) = θt + 2πk +M(θt+1 − θt).

Now note that M(θt+1 − θt) is exactly the representative of the increment (θt+1 − θt) in [−π, π)n, so there
exists an integer vector k′ ∈ Zn such that

M(θt+1 − θt) = (θt+1 − θt)− 2πk′.

Substituting,
γt+1 = θt + 2πk + (θt+1 − θt)− 2πk′ = θt+1 + 2π(k − k′).

Hence γt+1 and θt+1 are equivalent modulo 2π, and applying M yields

M(γt+1) = θt+1.

This completes the induction. □

S1.3 Definition of the angular displacement χ

Once γt is defined, the angular displacement is

χt := γt − γt−1, t ≥ 1. (4)

Using the definition of γt, this can be written equivalently as

χt = M(θt − θt−1), (5)

so χt corresponds to the minimal (geodesic) increment between consecutive angular configurations, free of
wrapping artifacts.

S1.4 Geometric meaning
The original variables θt evolve on the torus Tn. The lifting γt is a trajectory in the universal cover Rn such
that projecting back with M recovers the original angles. The displacement χt therefore lives naturally in
a linear space and can be interpreted as an element of the tangent representation associated with the lifted
trajectory.

S1.5 Physical Interpretation of the Angular Displacement
The variable χ(t) can be interpreted as a discrete angular velocity:

χ(t) ≈ ∆t θ̇(t), (6)

which is valid when ∆t is small. The implications are:

• Small values of |χi(t)| indicate local structural persistence.

• Large values indicate a rapid reorganization of that angle (a change “event”).

• Simultaneous activations across multiple angles indicate coordinated collective reorganization.
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θt ∈ Tn U−−−−−→ γt ∈ Rn M−−−−−→ θt ∈ Tn

χ
−−−−→

M
←−−−−−

χt ∈ Rn χ−1

−−−−−−→ γt ∈ Rn

Figure 1: Complete diagram of the transformation pipeline including prediction pathways. The diagram
shows the three alternative routes for VAMP-based prediction: Kθ acting directly on θt, Kχ acting on χt,
and Ky acting on yt. Predicted quantities (hat) are transformed back to angular space via the appropriate
inverse mappings (χ−1, M , V T). This figure extends the basic pipeline of Figure S1.

S2. Spatiotemporal PCA representation
To characterize collective torsional reorganizations, we analyze the angular-displacement observables χ(t) ∈
Rn using principal component analysis (PCA). Let X ∈ RT×n denote the data matrix obtained by stacking
the observations χ(t) along time. After centering the data by column, the matrix can be written as

H = X − 1µT ,

where µ is the vector of column means.
The spatiotemporal decomposition is obtained through the singular value decomposition (SVD):

H = UΣV T ,

where V ∈ Rn×r contains the spatial principal components, U ∈ RT×r contains the corresponding
temporal modes, and Σ = diag(σ1, . . . , σr) are the singular values.

This decomposition provides an exact separation between spatial and temporal structures:

H =

r∑
k=1

σk ukv
T
k ,

where vk represents a spatial pattern of coordinated torsional reorganization and uk describes its temporal
activation along the trajectory.

The original data can therefore be reconstructed as

X = 1µT +

r∑
k=1

σk ukv
T
k .

In practice, only the first K modes are retained,

X ≈ 1µT +

K∑
k=1

σk ukv
T
k ,

which provides the optimal rank-K approximation in the Frobenius norm (Eckart–Young–Mirsky theo-
rem). The retained spatial modes identify the dominant patterns of collective torsional reorganization, while
the temporal coefficients quantify when and how strongly these patterns are activated along the molecular
dynamics trajectory.

S3. Reduced dynamics in PCA space (Propositions 2 and 3)
Proposition 2 (EDMD-based reduction). Let χt ∈ Rn be the observable and V ∈ Rn×r the matrix
of orthonormal PCA directions. If a linear operator K∗ ∈ Rn×n satisfies χ̇t ≈ χtK

∗ (in continuous time)
or χt+1 ≈ χtK

∗ (discrete), then the projected variable yt = χtV evolves approximately as yt+1 = ytM
∗

with M∗ = V TK∗V . The proof follows directly from multiplying the evolution equation by V and using
χt = ytV

T.
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Proposition 3 (VAMP-based reduction). If the Koopman operator K satisfies E[χt+1] = E[χt]K,
then E[yt+1] = E[yt]Ky with Ky = V TKV . The proof is analogous, taking expectations and using the same
projection.

These relations show that any linear model in the original observable space induces a consistent linear
model in the PCA subspace.

S4. Additional details on state discretization and threshold selection
The threshold ϵ for each temporal component yk is chosen as the (100−λk)-th percentile of |yk|, where λk is
the percentage of variance explained by that component. This ensures that the most energetic fluctuations
are retained while noise is suppressed. For DENV-2, we used λk = 80% cumulative variance, leading to
thresholds around 1.5–2.0 (arbitrary units). The stability of the resulting Markov model with respect to ϵ
was verified; results reported in the main text correspond to the median ϵ over all components.

S5. Detailed transformation diagrams

θt
F−−−−−→ θt+τ

U−−−−−→ γt+τ
χ−−−−→ χt+τ

V−−−−−→ yt+τyI ∣∣∣∣ ∣∣∣∣ ∣∣∣∣
θt

Kθ−−−−−→ θ̂t+τ

∣∣∣∣ ∣∣∣∣yI ∣∣∣∣ ∣∣∣∣
θt

U−−−−−→ γt
χ−−−−→ χt

Kχ−−−−−−→ χ̂t+τ

∣∣∣∣yI ∣∣∣∣
θt

U−−−−−→ γt
χ−−−−→ χt

V−−−−−→ yt
Ky−−−−−→ ŷt+τ

Figure 2: Schematic of the transformation pipeline for dihedral angles. The original wrapped angles θt are
unwrapped (U) to continuous coordinates γt, from which the displacement χt is computed. The inverse
mapping χ−1 reconstructs γt, and the modular projection M returns to θt. This reversible pipeline enables
linear analysis on χt while preserving the ability to recover the original angles.

S6. Formal Derivation in the Fourier Domain (High-Pass Behavior)
Let γ[n] denote the discrete sequence (with t = n∆t) and Γ(ω) its Fourier transform:

Γ(ω) =

∞∑
n=−∞

γ[n] e−iωn∆t. (7)

The discrete difference χ[n] = γ[n]− γ[n− 1] has Fourier transform:

X(ω) =
(
1− e−iω∆t

)
Γ(ω), (8)

and
|1− e−iω∆t|2 = 4 sin2

(
ω∆t

2

)
. (9)

As ω → 0 (slow components), the multiplicative factor tends to zero, suppressing low-frequency contri-
butions. For higher frequencies, the factor increases in magnitude. Therefore, χ(t) behaves as a high-pass
filter, emphasizing rapid or transient reorganizations while attenuating slow drift.
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θt
F−−−−−→ θt+τ

I−−−−→ θt+τ
I−−−−→ θt+τyI ∣∣∣∣ eθ

∣∣∣∣ ∣∣∣∣
θt

Kθ−−−−−→ θ̂t+τ

∣∣∣∣ eχ

∣∣∣∣∣∣∣∣ ∣∣∣∣ ey

χ̂t+τ
χ−1

−−−−−−→ γ̂t+τ
M−−−−−→ θ̂t+τ

∣∣∣∣∣∣∣∣
ŷt+τ

V T

−−−−−−→ χ̂′
t+τ

χ−1

−−−−−−→ γ̂′
t+τ

M−−−−−→ θ̂′t+τ∣∣∣∣ ey∗

yt+τ
V T

−−−−−−→ χ′
t+τ

χ−1

−−−−−−→ γ′
t+τ

M−−−−−→ θ′t+τ

Figure 3: Flow diagram illustrating the computation of angular-space error vectors (eθ, eχ, ey, ey∗). For
each representation, the VAMP prediction is reconstructed to angular coordinates and compared with the
true angles using the angular metric defined in the main text. This ensures that predictions from different
representations are evaluated on a common basis.

This property explains why χ is not designed to maximize slow modes, but rather to capture reorgani-
zation events.
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